Introduction
Let K/Q p be a finite extension and G K = Gal(K/K) the Galois group of an algebraic closureK. Let F be a finite field of characteristic p, and V F a finite dimensional F-vector space equipped with a continuous action of G K . The study of the deformation theory of Galois representations was initiated by Mazur [Ma] , who showed that if V F has no non-trivial endomorphisms, then it admits a universal deformation ring R V F . After the work of Wiles [Wi] and the conjectures of Fontaine-Mazur [FM] it became clear that for arithmetic applications it was important to understand certain quotients of R V F corresponding to deformations satisfying certain conditions. For example Wiles uses deformations which arise from finite flat group schemes, and the corresponding quotient of R V F was constructed by Ramakrishna [Ra] .
Suppose that L/K is a finite extension and let a b be integers. It seems to be a kind of folklore conjecture that there should be a quotient of R V F whose points in finite extensions of W (F) [1/p] correspond to deformations of V F which become semi-stable over L and have Hodge-Tate weights in the interval [a, b] . This is closely related to the final conjecture of [Fo 3] . Special cases of this, when V F is 2-dimensional, are conjectured in the papers of Fontaine-Mazur [FM, p.191 ], BreuilConrad-Diamond-Taylor [BCDT, Conj. 1.1 .1] and Breuil-Mézard [BM, 2.2.2.4] .
The purpose of this paper is to prove such a result.
Theorem. There is a quotient R 
if and only if the induced
In fact we prove a refinement of this theorem involving V x of fixed p-adic Hodge type and of Galois type. Such a refinement is crucial for applications to the Fontaine-Mazur conjecture. The former invariant describes the precise shape of the Hodge filtration on the weakly admissible module attached to V x , while the latter gives the action of the inertia subgroup of Gal(L/K) (when L is Galois over K) on this module. We also show that R [a,b] ,L V F [1/p] is equidimensional and generically formally smooth, and we give a simple formula for its dimension. This is enough to prove Conjecture 2.2.2.4 of [BM] .
1 This result should be regarded as the "easy" part of the Breuil-Mézard conjecture, the main point of [BM] being to predict the Hilbert-Samuel multipicities of these rings. The "hard" part is established in [Ki 3] (in many cases) and is used to prove a significant part of the Fontaine-Mazur conjecture for 2-dimensional, odd representations of the absolute Galois group of Q. This application was our main motivation in proving the theorem above. Another application is to the Galois representations associated to Hilbert modular forms.
Corollary. Let F be a totally real field and π a Hilbert modular eigenform of weight
k = (k 1 , .
. . , k n ) with k i ≥ 2, integers all having the same parity. Let ρ π denote the 2-dimensional p-adic Galois representation of the absolute Galois group G F of F attached to π, and suppose that the resulting mod p representationρ π is absolutely irreducible. If v|p is a prime of F, and G F v ⊂ G F denotes a decomposition group at v, then ρ π | G F v is potentially semi-stable with p-adic Hodge type corresponding to the weight k. Moreover the Weil-Deligne group representation attached to ρ π | G F v via Fontaine's construction corresponds to the local factor π v of π via the local Langlands correspondence.
The condition on the p-adic Hodge type means the following: If ρ π is defined over a finite extension E/Q p , and w denotes the largest of the integers k i , then for v|p there is a graded F v ⊗ Q p E-module D v attached to the Hodge-Tate representation ρ π | G F v . If σ : E →F v is an embedding into a fixed algebraic closure of F v , then D σ = D ⊗ F v ⊗ Q p E,σFv is non-zero in degrees (w − k σ )/2 and (w + k σ − 2)/2, where k σ is one of the integers k i . The number of σ for which a given integer equals k σ is proportional to the number of times it appears in k.
When [F : Q] is odd or when [F : Q] is even and π is a discrete series at some finite place w, the corollary follows from work of Carayol [Ca, Thm. A] , who constructed the representations ρ π in the cohomology of Shimura curves, together with a result of Saito [Sa 2] . When [F : Q] is even, Taylor [Ta 1] constructed ρ π by interpolating representations ρ π where π is special at some w p, and so the corollary follows from the theorem (or more precisely Theorem (2.7.6) below) and the cases established by Carayol. Some cases of the corollary (corresponding to the known cases of the theorem) were previously known, even without the restriction onρ π (see [Ta 2] , [Br] ). The statement that ρ π is potentially semi-stable was known in most 1 As far as it is true. Part (ii) of the conjecture, which asserts that R [a,b] ,L V F [1/p] is formally smooth, is not quite right, as can already be seen for ordinary representations with Hodge-Tate weights 0 and 1. The corresponding deformation ring has two components meeting along a codimension 1 subspace which parameterizes representations which are Barsotti-Tate extensions of χ by χ(1) for χ an unramified character.
cases thanks to the work of Blasius-Rogowski [BR] who gave a motivic construction of ρ π , however at least the statement that the Weil-Deligne group representation attached to ρ π is compatible with the local Langlands correspondence does not seem to follow easily from their work.
Let us say a word about what part of the theorem was previously known. It will be useful to distinguish three flavors of the statement that some property P (e.g. being crystalline, semi-stable, etc.) of p-adic Galois representations cuts out a closed subspace of the generic fiber of Spec R V F . For a finite extension E/Q p and a map x : R V F → E, we will denote by V x the corresponding E-representation of G K :
(1) There is a closed subspace of the p-adic analytic space attached to R V F [1/p] [deJ, §7] such that V x has P if and only if ker x lies on this subspace. (2) There is a quotient R P V F of R V F such that R V F → E factors through R P V F if and only if V x has P. (3) Let V be a finite dimensional E-representation of G K , and L ⊂ V a G Kstable Z p -lattice. Suppose that for i ≥ 1 L/p i L is a subquotient of a lattice in a representation having P. Then V has P.
It is not hard to see that we have the implications (3) =⇒ (2) =⇒ (1). The statement (3) when P is coming from a finite flat group scheme is what is proved by Ramakrishna. When K is unramified over Q p and P is being crystalline and having Hodge-Tate weights in a fixed interval [a, b] , (3) was established by Breuil [Br] when b − a p − 1, and by Berger in general [Be] . When P is being semi-stable when restricted to an extension L and having Hodge-Tate weights in [a, b] , (3) is what is conjectured in [Fo 3] . For this same condition P (1) is a result of Berger-Colmez [BC] . We do not know how to prove (3) for this P.
2 Fortunately (2) is sufficient for applications to modularity theorems (whereas (1) is not). More precisely, for these applications one needs (2) with P being potentially semi-stable of some fixed Galois type. It is not clear how to formulate (3) for this P since it is a condition which only makes sense for representations of some fixed rank.
The key ingredient in the proof of the theorem is the theory developed in our previous paper [Ki 2], in which we gave a new classification of semi-stable G Krepresentations. In particular, we showed that there is a close relationship between semi-stable representations and representations of finite E-height. This is a condition which depends only on the restriction of the representation to
where π is a fixed uniformiser of K. A semi-stable representation has finite E-height, but a representation of Gal(K/K ∞ ) of finite E-height does not, in general, give rise to a semi-stable representation. This is true, however, if the E-height is 1, in which case the representation has Hodge-Tate weights 0 and 1.
In the first section of the paper we build a projective Spec [1/p] using the deformation theory of filtered ϕ, N -modules. In particular we establish a simple formula for its dimension, which is needed in applications to modularity.
h. By [Ki 2, 2.1.12] if a S-lattice of E-height h exists, then it is unique. We say that V is of E-height h if M is.
If V is a finite dimensional Q p -vector space with a continuous action of
We now introduce coefficients. For any Z p -algebra R and any finite Z p -algebra A, we will write
Consider a local Artin ring A with residue field F, a finite extension of F p , and a representation of 
is a functor on A-algebras.
Proposition (1.3). The functor
L h V A is represented by a projective A-scheme L h V A .
If A → A is map of local Artin rings with residue field F and V
is equipped with a canonical (i.e. functorial in A) very ample line bundle.
Proof. The argument is essentially identical to that given in [Ki 1, 2.1.7], so we only sketch it.
First the main result of [BL] 
, and s is the least integer such that p
is actually a projective scheme. The very ample line bundle in the proposition is the restriction of a canonical line bundle on the affine Grassmannian which is very ample on any closed subscheme of finite type [Fa 1, .
(1.4) We now explain the relation between lattices of height h, and the representation V A . As usual we regard A-modules as sheaves on Spec A. Write
→ Spec A for the projective map of Proposition (1.3). We will denote by M the universal sheaf of Θ *
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 
Lemma (1.4.1). SetÃ
Observe that Θ A * (M) is a finite Θ A * Θ * A (S A ) = S ⊗ AÃ -module, and hence a finite S-module. It is equipped with a map
where the first isomorphism follows from the fact that ϕ is a finite flat map on S. 
is an isomorphism. Taking theÃ-linear maps on both sides yields an isomorphism
Now by the projection formula we have
Combining this with (1.4.2) proves the proposition.
(1.5) Suppose now that A is a complete local ring with residue field F and maximal ideal m A , and V A is a finite free A-module equipped with a continuous action of G K ∞ . We again write V * A for the A-dual of V A . For any Z p -algebra R, we will denote by R A the m A -adic completion of R ⊗ Z p A. This is compatible with the notation introduced above for finite Z p -algebras. We set
where⊗ means m A -adic completion, and the isomorphism follows from [De, 2.1.8] .
Proof. By (1.3) the functor is representable by a formal scheme over A, which is equipped with a very ample line bundle. By formal GAGA [Gr, III, 5.4.5] this formal scheme is obtained by completing a projective A-scheme along the ideal m A .
(1.6) We will describe the image of the map obtained from L h V A → Spec A by inverting p. To do this we require some preparation.
Finally, since J 0 is stable by ϕ it is induced by an ideal of B.
Corollary (1.6.3). Let A be a finite flat Z p -algebra, and V A a finite free A-module equipped with a continuous action of
Proof. That M A is a S A -submodule follows immediately from the fact that any endomorphism of the O E -module M which is compatible with ϕ preserves M [Ki 2, 2.1.11].
Since 
Applying this with B = E we see that the map obtained from Θ A by inverting p is quasi-finite, and hence finite, and induces an injection on closed points. Taking
2 ) we see that this map induces a surjection on tangent spaces, and is therefore a closed immersion.
To prove the second part of the proposition, it suffices to consider the case of B local. Suppose first that the map A → B factors through 
h . In particular, V C is of finite E-height, and hence so is V B . Suppose conversely, that V B is of E-height ≤ h. Let C ∈ Int B be such that A → B factors through C, and let V C and M C be as above. By Corollary (1.6.3) the unique S-lattice of E-height h, 
The matrix of ϕ in this basis has entries which are in B
• ⊗ Z p S. Choose C ∈ Int B containing C such that these entries are in S C , and let M C be the
and hence has no p-torsion.
Finally we see that
A , and it follows that the composite A → C → C → B factors through A h . 
Corollary (1.7). There exists a finite S
A h -module M A h such that (1) M A h is equipped with a map ϕ * (M A h ) → M A h whose cokernel is killed by E(u) h . (2) M A h ⊗ Z p Q p is a locally free S A h [1/p]-module. (3) For any finite W (F)[1/p]-algebra B, any map ζ : A h → B and any C ∈ Int B through which ζ factors, there is a canonical, ϕ-compatible iso- morphism of S ⊗ Z p B-modules M A h ⊗ A h B ∼ −→ M C ⊗ C B.Here M C denotes the unique S-lattice of E-height h in M C = M A ⊗ A C. (4) There is a canonical isomorphism V A h ⊗ Z p Q p ∼ −→ Hom S A h [1/p],ϕ (M A h ⊗ Z p Q p , S ur A h [1/p]).
Proof. Denote byL
Write Θ S A for the projection of this last scheme onto the factor Spec S A . Then the scheme theoretic image of
Property (1) follows from the corresponding property for M together with the fact that ϕ is a flat map on S, so ϕ * commutes with direct images. Condition (2) follows from the fact that, after inverting p,
h . As in the proof of Proposition (1.6.4) this implies that
Finally, to see (4) we use Lemma (1.4.1). We denote byΘ S A the composite of the maps in (1.7.1). WriteÃ =Θ S A * (OL h A ). For a Z p -algebra R, we denote by RÃ the completion of R ⊗ Z pÃ with respect to the Jacobson radical ofÃ. (This extends the definition of Subsection (1.5), sinceÃ need only be semi-local). Using Lemma (1.4.1), and the theorem on formal functions, one finds that there is a canonical isomorphism VÃ
). Inverting p, and using formal GAGA, the definition of M A h , and the fact that
NowÃ is a finite A h -algebra, hence the topologies induced onÃ by the Jacobson radicals ofÃ and A h are equivalent. Since the map A h →Ã has kernel and cokernel killed by some fixed power of p, we see that the same is true after tensoring both sides by S ur ⊗ Z p and taking completions with respect to the radical m A h of A h . Hence the previous remark shows that the map S
has kernel and cokernel killed by a finite power of p, so that S
(this is also easily seen directly). Now (4) follows from (1.7.2). §2. Potentially semi-stable representations (2.1) In this section we consider complete local rings which carry a deformation of a mod p representation of G K . We will construct quotients of such rings, or more precisely their generic fibers, over which the given representation is potentially semi-stable. The construction builds on that in the previous section, via the fact that semi-stable representations have finite E-height.
Consider a complete local ring (A • , m A • ) with residue field the finite field F. We will assume that A
• is p-torsion free, and we set A = A • [1/p]. Note that this notation differs slightly from that of the previous section where A denoted a complete local ring. It will be more convenient here.
For any Noetherian, complete local Z p -algebra R we write
Since F is finite this is equal to the completion with respect to the ideal of R ⊗ Z p A generated by the radicals of R and A. It is also the tensor product in the category of Noetherian,
We will recall some constructions which were carried out in [Ki 2] in the special case 
We denote by S 0 the completion of K 0 [u] at the ideal (E(u)). Write
We set S 0,A equal to the completion of
Suppose we are given a finite projective S A -module M A of constant rank r, which is equipped with a ϕ-semi-linear endomorphism ϕ : 
Consider the sum
We claim that s converges to a well defined W A -linear map. Granting this, one sees immediately that ϕ • s = s • ϕ, and that s reduces to the identity modulo u.
and we see that for every n ≥ 0 the series defining s converges to a well defined map
and hence to a map ξ :
The uniqueness of ξ may be seen as in [Ki 2, 1.2.6]: If s is another such map, one finds that elements in (s − s )(D A ) are infinitely u-divisible, and hence 0.
To check the final claim, we again proceed as in loc. cit. First since ξ reduces to the identity modulo u, and has determinant in W [[u/p] ] A , Lemma (2.2.1) below implies that for n sufficiently large it induces an isomorphism
Denote by ξ s the map
Let r be the least integer such that e < p r /n. Tensoring the above diagram by
. . , r − 1 yields a diagram where the right vertical arrow is an isomorphism. Hence we see by induction that ξ s is an isomorphism for s = 0, 1, . . . , r − 1. Applying the same argument with s = r shows that the cokernel of ξ r is killed by E (u) h , and that its image coincides with the map obtained from
A . This proves the last claim of the lemma. Repeating the above argument shows that the cokernel of ξ s is killed by λ h for any s ≥ 0. Using the definition of O A , one sees that this completes the proof of the lemma.
Lemma (2.2.1). Let
Proof. Suppose first that I = (f ) is principal. After multiplying f by a unit, we may assume that its image in 
We equip the polynomial ring K 0 [ u ] with an operator N, which acts by formal differentiation of the variable u , and a Frobenius ϕ which acts as the usual Frobenius on K 0 , and satisfies 
Lemma (2.3.1). For any
Proof. Using the Artin-Rees lemma, and the flatness of M, one finds that
That the map in (1) is an isomorphism is clear if N is finite free over A • , and in general it can be seen by taking a presentation of N by finite free A
• -modules, and using the exactness of the above functor. The first part of (2) now follows since for any ideal
Lemma (2.3.2).
We have
is injective, where q runs over ideals of
Proof. (1) follows from (2) and (3) of Lemma (2.3.1). The second claim in (2) now follows from the fact that Fil i A cris /Fil i+1 A cris is a faithfully flat Z p -module, and the first claim follows from the second and Lemma (2.3.1)(2).
If β(σ) = 0, then (3) follows from (2). If β(σ) = 0, then the first part of (3) follows from an argument similar to that for (2), once we note that there is a greatest integer j such that 
• . This follows from Lemma (2.3.1)(1). • -module, the lemma for any A • -module M follows by applying the case of finitely generated modules to any finitely generated
Lemma (2.3.3). Let M be an
• -module of rank r, equipped with a continuous action of
where , ι(v) ). Tensoring both sides by O A , and using Lemma (2.2) we obtain ϕ-compatible maps 
Consider the composite of the isomorphisms (2.4.4)
where the first map is the inverse of the natural isomorphism To prove the injectivity of (2.4.3), it suffices, by Lemma (2.3.2)(5), to consider the case when A
• is finite flat over Z p . Note that the S ur A -linear map induced by (2.4.1) sits in a commutative diagram
It follows easily from the remarks of Subsection (1.5) that the lower map is an isomorphism, and the left vertical map is injective, since it is obtained from the inclusion
Hence the top map is an injective map of finite free S 
. , r, we obtain
(3) M admits a finite free ϕ-stable S-submodule M
• which spans M, and such that the cokernel of 1 ⊗ ϕ :
There is a G
. We briefly recall the construction of this map, as we will need a slightly modified formulation of it.
Given any ϕ-compatible map g : D → B + cris , the composite
is compatible with ϕ and N. We will say that g is compatible with filtrations if the resulting map D → B + st is compatible. Since any map of (ϕ, Proof. Suppose first that ζ factors through A st . Then (2.4.5) is compatible with Galois actions, and injective by Lemma (2.4.6). In particular, if V * By definition the composite of the maps in the top row is compatible with the action of G K . Hence so is the composite of the maps in the bottom row. corresponding to semi-stable representations with a given p-adic Hodge type. To recall the meaning of this, let E be a finite extension of Q p and suppose that A admits the structure of an E-algebra, which we fix from now on.
Proposition (2.5.4). We continue to assume that
A • = (A • ) h . Let B be a finite Q p -algebra, ζ : A → B aB denotes the B- dual of V B , then (V * B ⊗ Q p B + st ) G K is of K 0 -dimension at least dim K 0 D B = dim Q p V B .
Theorem (2.5.5). Let
Suppose we are given a finite dimensional E-vector space D E , and a filtration of 
We will show that there is a quotient A st,v of A st corresponding to representations of p-adic Hodge type v. We need the following Lemma (2.6.1). For i ≥ 0, set
Then the following are finite projective K
Proof. The K A -modules in (1)- (4) are easily seen to be finite, and it suffices to show that they are flat W A -modules. The argument for (1) (1) is flat.
The flatness of the W A -module in (2) now follows from the exact sequence
and that in (3) from the exact sequence 
Using (3) one sees that Fil
i ϕ * (M A )/E(u)Fil i−1 ϕ * (M A ) is W A -flat,
and this is equal to the module in (4), since E(u)Fil
i−1 ϕ * (M A ) = (E(u)ϕ * (M A ) ∩ Fil i ϕ * (M A )).
Corollary (2.6.2). Fix v as above. There exists a quotient
) is a finite projective K A -module. Consider the points p of Spec A such that for i = 0, 1, . . . , h, there is an isomorphism of
The set of such p consists of a union of connected components of Spec A, and corresponds to a quotient
st,h has the required property consider a map of E-algebras ζ : A → B, with B local and finite over E. By Lemma (2.2), we may identify 
To prove the corollary we have to check that this filtration coincides with that induced by the right hand side of the isomorphism in Theorem (2.5.5)(2). The argument for this is similar to that in Proposition (2.5. , where E -denotes the residue field of B (which is canonically a subfield of B ). This follows easily from the fact that the cohomology of a finite group with coefficients in an E -representation is trivial in degree > 0.
IfQ p is an algebraic closure of Q p , and τ : I K → GL n (Q p ) is a representation with open kernel, then we will say V B is potentially semi-stable of type τ, if P B is equivalent to τ. In other words, for any γ ∈ I K , the trace of τ (γ) is equal to the trace of γ on D * pst (V B ). We will use the above results to construct deformation rings for potentially semistable representations of fixed type. We begin with a lemma. • finite over Z p , we see that a i = 0 if i > 0. After multiplying x by a power of p, we may assume that x = a 0 ∈ A cris,A • . Now let q 1 ⊃ q 2 ⊃ . . . be a decreasing sequence of ideals of A, such that 
Lemma (2.7.1). Let
A • be as in Subsection (2.1). For i ≥ 0 there is an isomor- phism W A · t i ∼ −→ Hom A[G K ] (A(i), B + st,A ),∞ j=1 q j = {0} and A/q j is a finite W (F)[1/p]-algebra. Set q • j = A • ∩ q j . Then for each m ≥ 0, we have q • j ⊂ m
Hence we have
If r i is the greatest integer such that t i /p r i ∈ A cris , then for j ≥ 1, the image of a 0 in A
This is easily seen using the case A • = Z p , as above. Passing to the inverse limit we find that
Proposition (2.7.2). Suppose that h ≥ 0, and that
In particular, we have
• is a local map of complete local Noetherian rings with residue field F, and
. This is easily seen, directly from the construction of the map. In particular if (2.7.3) is an isomorphism for
Next, if V A • is an unramified representation, then the proposition is also easily checked, for ifk is the residue field ofK, then the map (2.4.2) is induced by an isomorphism
Hence D A also spans the right hand side of (2.4.2) as a B + cris,Amodule. Now (2.7.3) is a map of finite free B st,A -modules of the same rank, so it suffices to show that it induces an isomorphism on top exterior powers. Hence we may assume that V A • is free of rank 1 over A
• . By Corollary (2.6.2), V A | I K is locally constant on Spec A, locally equal to θ| I K , where θ is a product of conjugates of Lubin-Tate characters for K. In particular, θ takes values in a finite extension of Z p . Working locally on A, we may assume that V A | I K ∼ θ| I K . Hence it suffices to consider the two cases where V A ∼ θ and where V A is an unramified character. The unramified case follows from our second observation. If V A ∼ θ, then our first observation shows that we may assume A
• is the ring of integers in a finite extension of Q p . In this case the fact that (2.7.3) is an isomorphism follows, for example, from Theorem (2.5.5)(2).
Taking
(2.7.5) Suppose now that E is a finite extension of Q p and v is a p-adic Hodge type as in Subsection (2.6), consisting of an E-vector space D E of dimension r and a collection of
• be a Noetherian, complete local O E -algebra and V A • a finite free A
• -module of rank r equipped with a continuous action of G K . As usual, we set A = A
• [1/p]. Finally, we fix a representation
with open kernel. 
Theorem (2.7.6). There exists a quotient A τ,v of A such that for any finite Ealgebra B, a map of E-algebras ζ : A → B factors through A τ,v if and only if
The discussion of Subsection (2.7) shows that tr(σ) is a locally constant function on Spec A. We denote by A τ,v the quotient of A corresponding to the union of components of Spec A where tr(σ) = tr(τ (σ)) for all σ ∈ I K . One sees from the definitions that this quotient has the required property. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use POTENTIALLY SEMI-STABLE DEFORMATION RINGS 535 §3. The local structure of potentially semi-stable deformation rings (3.1) Using the results of the previous section one can immediately show the existence of deformation rings for potentially semi-stable Galois representations corresponding to a given type and p-adic Hodge type, and we will do this below. Most of the effort in this section is directed toward establishing results about the generic fibers of these rings. Specifically we will show that the components of the generic fiber are generically formally smooth, and we will compute their dimensions. In fact our results allow one, in principle, to determine the local structure of these generic fibers even at non-smooth points. However, we do not make this explicit.
Corollary (2.7.7). There exists a quotient
(3.1.1) Fix a finite Galois extension L of K, and denote by L 0 the maximal unramified subfield of L. We also fix a positive integer d.
It will be convenient to use the language of groupoids. What we need is contained in the appendix to [Ki 1]. We begin by defining two groupoids on the category of Q p -algebras A. For such an algebra, we extend the action of ϕ to L 0 ⊗ Q p A by A-linearity. We will again denote by A the corresponding groupoid on Q p -algebras.
Let Mod N be the groupoid whose fiber over a Q p -algebra A consists of finite 
Next let Mod ϕ,N be the groupoid whose fiber over a Q p -algebra A consists of a module D A in Mod N equipped with a Frobenius semi-linear automorphism ϕ such that pϕN = Nϕ. We have an obvious morphism
We equip adD A with an operator ϕ given by sending a map f to ϕ • f • ϕ −1 and an operator N given by sending f to N • f − f • N. These satisfy pϕN = Nϕ. We also equip adD A with an action of
We denote by C
• (D A ) the total complex of this double complex, concentrated in degrees 0, 1 and 2, and we write
The following result describes how this complex controls the deformation theory of Mod ϕ,N (cf. [FP, I. §1.4] and [EK, §3] ). 
Proposition (3.1.2). Let
, so we can lift N to an endomorphismÑ of D A . In the same way, by lifting the map ϕ 
, and 
so these conditions reduce to asking that we haveÑ 
Corollary (3.1.3). Let
and the above isomorphism is then compatible with the action of N, which acts on the right hand side by N ⊗ 1.
For 
We remark that this gives a well defined groupoid, since if A → B is a map of Q p -algebras, and D A is in Mod F,ϕ,N (A), then the projectivity condition on gr
where the top line is the complex C • (D A ) of (3.1.1). We denote by H ( 
Since ε respects filtrations modulo I, it induces an element of 
(3.3) Suppose now that we are in the situation of Subection (2.7.5). In particular, we have the p-adic Hodge type v and the Galois type τ, which we assume factors through the inertia subgroup
We again denote by F the residue field of
Let D V F be the groupoid on the category of complete local O E -algebras with residue field F, whose fiber over such an algebra B consists of deformations of V F to a G K -representation on a finite free B-module V B .
Suppose that m is a maximal ideal of A τ,v , and denote by E its residue field. For We denote by |D V F | the functor which assigns to B as above the set of isomorphism classes of D V F (B), and similarly for |D V F |. To compute the dimension of A, let E be a finite extension of E, and x a closed point of U with residue field E . Write m for the corresponding maximal ideal of A, let V x be the representation of G K obtained by specializing the universal representation over A by x, and D x the object of Mod F,ϕ,N (E ) to which x gives rise via the morphism of Proposition (3.3.1). Since A is formally smooth at x, we need to compute the dimension of its tangent space at m. By Theorem (2.7.6) and [Ki 1, 2.3.5] 
for which the first components is given by 1 − ϕ and the second by the natural map. A computation as in the proof of Theorem (3.3.4) 
